Abstract. We study compact toric strict locally conformally Kähler manifolds. We show that the Kodaira dimension of the underlying complex manifold is −∞ and that the only compact complex surfaces admitting toric strict locally conformally Kähler metrics are the diagonal Hopf surfaces. We also show that every toric Vaisman manifold has lcK rank 1 and is isomorphic to the mapping torus of an automorphism of a toric compact Sasakian manifold.
Introduction
When searching for the best Hermitian metrics on a compact complex manifold (M, J), one is naturally led to consider Kähler metrics. However, there are well-known topological obstructions which severely restrict the class of compact complex manifolds carrying such metrics. A more general class of compatible metrics, which was introduced by I. Vaisman in the 80's, are the locally conformally Kähler (lcK) metrics. These are characterized by the condition that around any point in M, the metric g can be conformally rescaled to a Kähler metric. If this metric can be globally defined, the structure is globally conformally Kähler (gcK), otherwise it is called strict lcK. The topological obstructions imposed by the existence of lcK metrics are less restrictive than in the Kähler case. In complex dimension 2, for instance, it was widely believed that any compact complex surface admits an lcK metric, until F. Belgun [1] proved that some Inoue surfaces do not admit any lcK metric.
In this paper we investigate compact strict lcK manifolds admitting an effective torus action of maximal dimension by twisted Hamiltonian biholomorphisms. Such structures are called toric lcK and were introduced in [15] .
The paper is organized as follows: after some preliminaries on lcK manifolds, we study the properties of their automorphism group in Section 3 and give several general results about lifts of group actions on lcK manifolds in Section 4.
In Section 5 we use the special decomposition of the space of harmonic 1-forms on compact Vaisman manifolds to show that every toric Vaisman manifold has first Betti number b 1 = 1 and is thus isomorphic to the mapping torus of an automorphism of a toric compact Sasakian manifold.
In Section 6 we show that the Kodaira dimension of every compact complex manifold admitting a toric strict lcK structure is −∞ (see Theorem 6.1).
Using this result and the Kodaira classification of non-Kählerian compact complex surfaces, we show in Theorem 7.3 that the only compact complex surfaces with a toric strict lcK metric are the diagonal Hopf surfaces. Indeed, lcK metrics on these manifolds have been constructed by P. Gauduchon and L. Ornea, [8] , and they turn out to admit toric T 2 -actions. As a corollary, every toric strict lcK surface carries a toric Vaisman structure.
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Preliminaries on lcK manifolds
Let (M 2n , J) be a (connected) complex manifold of complex dimension n ≥ 2. A Kähler structure on (M, J) is a Riemannian metric g compatible with J (in the sense that J is skew-symmetric with respect to g), and such that the 2-form Ω := g(J·, ·) is closed.
Two Kähler structures g and g ′ on (M, J) in the same conformal class are necessarily homothetic. Indeed, if g ′ = f g for some positive function f , the associated 2-forms are related by Ω ′ = f Ω, thus 0 = dΩ ′ = df ∧ Ω + f dΩ = df ∧ Ω, which shows that df = 0, since the wedge product with the non-degenerate form Ω is injective on 1-forms.
A locally conformally Kähler (lcK) structure on (M, J) is a Riemannian metric g which is locally conformally Kähler in the sense that there exists an open covering {U α } α∈A of M and smooth maps ϕ α ∈ C ∞ (U α ) such that (U α , J, e −ϕα g) is Kähler. This definition is clearly independent on the metric g in its conformal class [g], so one usually refers to (J, [g]) as being an lcK structure.
Since e −ϕα g and e −ϕ β g are Kähler metrics in the same conformal class on U α ∩U β , we deduce from the above remark that ϕ α − ϕ β is locally constant, and thus dϕ α = dϕ β on U α ∩ U β . This shows the existence of a closed 1-form θ, called the Lee form of the lcK structure (J, g), such that θ| Uα = dϕ α . If Ω := g(J·, ·) denotes like before the 2-form associated to g and J, then by definition e −ϕα Ω is a closed form on U α , thus
showing that dΩ = θ ∧ Ω everywhere on M. If the lcK metric is changed by a conformal factor, g ′ := e −ϕ g, the corresponding Lee form satisfies θ
If the Lee form vanishes, g is Kähler, if it is exact, θ = dϕ, then g is globally conformal to the Kähler metric g ′ = e −ϕ g, and if it is parallel, g is called Vaisman. In this paper we will always assume that the lcK structure is strict, in the sense that its Lee form is not exact. This definition clearly does not depend on the choice of the metric g in its conformal class.
Let now M be the universal covering of an lcK manifold (M, J, g, θ), endowed with the pull-back lcK structure (J,g,θ). Since M is simply connected,θ is exact, i.e.θ = dϕ, and by the above considerations, the metric g K := e −ϕg is Kähler. Next we give a class of examples of toric Vaisman manifolds. For this purpose, let us recall the definition of a Sasakian manifold. A Sasakian structure on a Riemannian manifold (S, g S ) is a complex structureJ on R × S, such that the cone metric g K := e −2t (dt 2 + g S ) is Kähler with respect toJ, and for each λ ∈ R, the homothety (t, w) → (t + λ, w) is holomorphic. Example 3.3. An example of a toric lcK manifold is the Hopf manifold S 1 × S 2n−1 , whose natural Vaisman structure is toric, as noticed in [15, Example 4.8] . More generally, a class of toric Vaisman manifolds can be constructed as follows. Given a compact toric Hodge manifold N of complex dimension n − 1, we consider the total space of the S 1 -bundle S corresponding to the integral cohomology class of its Kähler form, which carries a Sasakian metric g S . Hence the product R×S is endowed with a Kähler structure (g K := e −2t (dt 2 +g S ),J). The action of Z by translations on R and extended trivially on S is holomorphic and isometric with respect to the gcK structure (J ,g := e 2t g K , 2dt), which thus projects onto a Vaisman structure (J, g, θ) on the compact manifold S 1 × S. By construction, N is the quotient (S 1 × S)/{θ ♯ , Jθ ♯ } and its toric Kähler structure is the projection of (J, g). According to [15, Theorem 5 .1], this Vaisman structure on S 1 × S is toric.
We continue by proving some preliminary results. 
By the Cartan formula, we have
, which by the injectivity of Ω ∧ · on 1-forms implies that d(f X − θ(X)) = 0. Hence there exists σ(X) ∈ R, such that f X = θ(X) + σ(X). Since X is a holomorphic vector field, it follows that L X g = (θ(X) + σ(X))g.
It remains to show that σ is a Lie algebra morphism, i.e. that σ([X, Y ]) = 0, for all X, Y ∈ aut(M, J, [g]). Since θ is closed and σ(X) and σ(Y ) are constant functions, we obtain
On the other hand, we compute 
for each vector field X on M, whose lift on M is denoted by X. Lemma 3.6. On an lcK manifold (M 2n , J, [g]), the following inclusion holds:
where hol(M) denotes the set of holomorphic vector fields on (M, J).
We now compute using Cartan's formula and the fact that
Since X is a holomorphic vector field, it follows that
Moreover, (4) implies that X ∈ ker σ.
It turns out that this inclusion is even an equality under some additional assumption:
) be a compact lcK manifold. Assume that the minimal covering of M coincides with its universal covering. Then
Proof. Let Ω K = e −ϕ π * Ω be the fundamental form of the Kähler structure on the universal covering of M, where
By (7), the following equality holds d( X Ω K ) = 0, where X is the lift of X to M . Thus, there exists a function
The hypothesis implies that every non-trivial element in π 1 (M) acts by a strict homothety on ( M , g K ). Thus π 1 (M) is commutative, since a commutator of homotheties is an isometry. For each γ ∈ π 1 (M), we have γ * ϕ = ϕ + c γ , where γ ρ → c γ is the group morphism defined in (1). Hence, we have γ
, we may assume λ γ 0 = 0. We now prove that in fact λ γ = 0, for all γ ∈ π 1 (M). Comparing the following two relations
and using the commutativity of π 1 (M), we obtain λ γ (1 − e −cγ 0 ) = 0. As c γ 0 = 0, it follows that λ γ = 0, for any γ ∈ π 1 (M). Concluding, we have shown that
It follows that the function e ϕ h projects onto M. Moreover, on M we have
Thus, X is a twisted Hamiltonian vector field on M, whose Hamiltonian function is the projection of e ϕ h onto M.
) be a compact lcK manifold. The following assertions hold: 
, its lift X, resp. X, to the universal (resp. minimal) covering of (M, J, [g]) is a Killing vector field for the Kähler metric g K .
Proof. (i) It suffices to prove that any
is an isometry of g 0 . We first notice that the metric ψ
Since in any conformal class, a Gauduchon metric is unique up to a positive constant, there exists c > 0, such that ψ * g 0 = cg 0 . This means that ψ is a homothety. However, on a compact manifold any homothety is already an isometry. Therefore, ψ is an isometry for g 0 .
(ii) Follows from (i) and (4).
(iii) Follows from (8) .
) be a compact strict lcK manifold endowed with an effective twisted Hamiltonian holomorphic T m -action. Then the orbits of the action are isotropic with respect to the fundamental 2-form Ω and m ≤ n.
Proof. Let X, Y be two fundamental vector fields associated to the given T m -action on M. Lemma 3.6 implies that X, Y ∈ aut s (M). We then compute using Lemma 3.4 and the fact that [X, Y ] = 0:
This shows that d θ (Ω(X, Y )) = 0. By Lemma 2.1, we conclude that Ω(X, Y ) = 0, so each T m -orbit is isotropic with respect to Ω and hence has dimension at most n. On the other hand, a known consequence of the principal orbit theorem (see e.g. [6, Theorem 2.8.5]) is that any T m acting effectively on a compact manifold, acts freely on its principal orbit. Thus, it follows that m ≤ n.
Group actions on lcK manifolds
We start with a few general lemmas about lifts of group actions from the basis to the total space of a covering. Let G be a connected Lie group acting smoothly on a connected manifold M, and let π : M → M be a covering with connected covering space. For every x ∈ M we denote by f x : G → M the map f x (a) := a · x.
Lemma 4.1. The action of G on M lifts to an action of G on M if and only if for each x ∈ M andx ∈ M with π(x) = x, the map f x lifts to a smooth map fx : G → M which maps 1 G tox.
Proof. One direction is clear. Conversely, we define the map f : Proof. We apply the previous lemma, noting that for each x ∈ M andx ∈ M the map f x lifts to the map fx(a 1 , a 2 ) := a 1 · (a 2 ·x). Lemma 4.3. Assume in addition that M is a Galois covering of M whose automorphism group has no torsion and let p : G → G be a finite covering. If the induced action of G on M lifts to M , then the action of G lifts to M.
Proof. We denote by K the image of π 1 ( M ) in π 1 (M). The hypothesis shows that K is a normal subgroup of π 1 (M), and π 1 (M)/K has no element of finite order (except the identity).
For every x ∈ M we consider as before the map f x : G → M, a → a · x and denote byf x := f x • p : G → M. By the classical covering lemma, f x lifts to M if and only if (f x ) * (π 1 (G)) ⊂ K. By assumption,f x lifts to M , so we have (f x ) * (π 1 ( G)) ⊂ K, whence (f x ) * (p * (π 1 ( G))) ⊂ K. The map f * thus induces a group morphism
On the other hand, p * (π 1 ( G)) has finite index in π 1 (G) since G → G is a finite covering, and π 1 (M)/K has no torsion, so the morphism ρ vanishes identically. This shows that (f x ) * (π 1 (G)) ⊂ K, so f x lifts to M . We conclude by Lemma 4.1. 
Proof. (i) Let Γ denote the automorphism group of the covering π : M → M. The pull-back π * θ of the Lee form to M is exact, so there exists a function ϕ on M such that π * θ = dϕ. Since π * θ is Γ-invariant, there exists a group morphism Γ → (R, +), γ → c γ , such that γ * ϕ = ϕ + c γ for every γ ∈ Γ, similar to (1). The Kähler metric g K := e −ϕ π * g is then Γ-equivariant, in the sense that γ
We claim that G and Γ commute. By assumption, for every a ∈ G andx ∈ M , we have π(ax) = aπ(x). Consequently, for every γ ∈ Γ we obtain π(aγx) = aπ(γx) = aπ(x) = π(ax).
Since G is connected and Γ is discrete, this shows that for every γ ∈ Γ there exists γ ′ ∈ Γ such that aγ = γ ′ a for every a ∈ G. Taking a = id shows that γ = γ ′ , thus proving our claim.
Let now dµ denote the Haar measure of G (normalized such that G has unit volume) and letφ and g K be the average on M over G of ϕ and g K respectively:
Clearly g K is still Kähler, and by construction, taking into account the commutation of G and Γ, we see that the functionφ and the metric g K are G-invariant and Γ-equivariant:
It follows that the metric eφ g K projects onto a G-invariant lcK metric g ′ on M, whose corresponding Lee form θ ′ satisfies θ ′ (X) = 0, for any fundamental vector field X of the G-action. Since such an X is also a Killing vector field with respect to g ′ , we obtain by (4)
(ii) Any compact Lie group is a finite quotient of T k × G s , for some k ∈ N and G s a simply connected compact Lie group. By Lemma 4.1, the action of G s lifts to M , so using Corollary 4.2 and Lemma 4.3, it suffices to show that if
, then its action lifts to the minimal covering M. By Corollary 4.2 again, we may assume k = 1. Equivalently, we need to show that the lift of every X ∈ aut s (M, J, [g]) with closed orbits on M has closed orbits on M .
By Proposition 3.8, X is Killing with respect to the Gauduchon metric g 0 on M, and its lift X to M is Killing with respect to both π * g 0 and g K . Since the flow of X is equal to the identity at some time t 0 > 0, it follows that the flow of X at time t 0 is an automorphism of the covering M , and at the same time an isometry of g K , as X preserves g K . On the other hand, by definition of the minimal covering, the only automorphism of M which is an isometry of g K is the identity, thus showing that X has closed orbits.
A straightforward consequence of Proposition 4.4 is the following: 
Toric Vaisman manifolds
In this section, we investigate toric compact Vaisman manifolds and show that each such manifold is obtained as the mapping torus of a compact toric Sasakian manifold.
Without loss of generality, we assume that the norm of the Lee form of a Vaisman structure equals 1. Recall that on a Vaisman manifold the Lee and anti-Lee vector fields θ ♯ and Jθ ♯ are Killing and holomorphic. We will need in the sequel the following elementary observation:
Lemma 5.1. For any Killing vector field X and any harmonic 1-form α on a compact connected Riemannian manifold, the following identity holds L X α = d(α(X)) = 0. In particular, α(X) is constant.
Proof. Since the manifold is compact, α is closed and co-closed. Cartan's formula then yields L X α = d(α(X)). On the other hand, the 1-form L X α is harmonic, as X is a Killing vector field. By the Hodge decomposition theorem on a compact Riemannian manifold, the only harmonic and exact differential form is the trivial one. Thus, L X α = d(α(X)) = 0.
is a harmonic form pointwise orthogonal on θ, then Jα is also harmonic and pointwise orthogonal on θ.
(ii) The following decomposition of the space of harmonic 1-forms holds: 
and the function Jθ, α =: c is constant on M. Furthermore, by Cartan's formula and using the fact that θ ♯ is a holomorphic vector field, we obtain
Recall that on the universal covering M, endowed with the pull-back lcK structure ( J,g,θ), the metricg and the Kähler metric g 
where all operators of the right hand side are associated to the metricg. Applying this formula for β =α, the pull-back of α, and taking into account thatα is closed and coclosed and orthogonal onθ, we obtain thatα is also harmonic with respect to the Kähler metric, i.e. ∆ Kα = 0. Since on a Kähler manifold the Laplace operator commutes with the complex structure, it follows that ∆ K Jα = J∆ Kα = 0. Applying now (14) to β = Jα and projecting on M, we obtain: (15) ∆Jα
which further simplifies, using (13) and the fact that Jθ, α = c is constant, to:
Taking in (16) the scalar product with θ and integrating over M yields (n − 1)c = 0.
Since n ≥ 2, we get 0 = c = Jθ, α , so Jα is pointwise orthogonal to θ. Applying the codifferential to (16) yields δdδJα − θ ♯ (δJα) = 0.
On the other hand, using the fact that θ ♯ is Killing and holomorphic, together with (12), we obtain θ ♯ (δJα) = L θ ♯ δJα = 0. Hence, we get ∆δJα = δdδJα = 0.
Thus, the function δJα is constant, and as its integral over M vanishes, we get that δJα is identically zero. Substituting this into (16) implies that Jα is harmonic. (ii) Let β ∈ H 1 (M). By Lemma 5.1, the function β, θ is constant and thus β − β, θ θ is harmonic. According to (i), this completes the proof. Proof. (i) The rank of any lcK structure on M is less than or equal to the first Betti number of M. Hence, it is enough to show that H 1 (M, R) ∼ = R. According to the Hodge theory on compact manifolds and to the decomposition (11) , it suffices to show that H 1 0 (M) = {0}. Let β ∈ H 1 0 (M) and let ξ be a fundamental vector field of the toric action. By Lemma 5.1 applied to β and to the Killing vector field ξ, the function β(ξ) is constant. On the other hand, ξ is twisted Hamiltonian, so there exists h ∈ C ∞ (M), such that (Jξ) ♭ = ξ Ω = d θ h = dh−hθ. We now integrate over M the constant β(ξ):
where for the last equality we used that Jβ ∈ H 1 0 (M) cf. Lemma 5.2, so Jβ is orthogonal to θ and co-closed. Hence, β(ξ) = 0. In particular, the same holds also for Jβ, since
Let us now consider a basis of the Lie algebra of the torus T n , {ξ 1 , . . . , ξ n }. We denote by the same symbols the corresponding fundamental vector fields on M. According to the principal orbit theorem, there exists a dense open set M 0 of M, on which {ξ 1 , . . . , ξ n , Jξ 1 , . . . , Jξ n } forms a basis of the tangent bundle of M 0 . As shown above, each β ∈ H 1 0 (M) vanishes on {ξ 1 , . . . , ξ n , Jξ 1 , . . . , Jξ n }, hence β = 0 on M 0 , and by density also on M. We thus conclude that
(ii) We recall that the minimal covering M of a Vaisman manifold M, endowed with the Kähler metric g K , is biholomorphic and isometric to the Kähler cone over a Sasakian manifold S. Moreover, each homothety of (R × S, g K ) is of the form (t, p) → (t + a, ψ a (p)), for some a ∈ R and ψ a an isometry of S. If the Vaisman structure is assumed to be toric, then by [15, Theorem 4.9] , the Sasakian manifold S is also toric.
Since by (i), the lcK rank of the toric Vaisman structure equals 1, the deck transformation group of the minimal covering M is Γ ∼ = Z. Using this identification, we assume that Γ is generated by the strict homothety (t, p) → (t + 1, ψ 1 (p)). Hence, M is obtained as the mapping torus [0, 1] × S/ ∼, where (0, p) ∼ (1, ψ 1 (p)). Moreover, this also shows that S is compact.
Remark 5.5. According to [14, Theorem 1.1] , the fundamental group of a compact toric Sasakian manifold is a finite abelian group. Hence, from the proof of Proposition 5.4, (ii), it follows that the universal covering of a compact toric Vaisman manifold is the Kähler cone over a compact toric Sasakian manifold. We recall that compact toric contact manifolds were classified by E. Lerman in [13, Theorem 2.18].
The Kodaira dimension of toric lcK manifolds
We denote by κ(M) the Kodaira dimension of a compact complex manifold (M, J). For the definition of the Kodaira dimension and its properties, as well as for the Kodaira-Enriques classification of compact complex surfaces we refer to [2] or [11] , [12] .
Theorem 6.1. The Kodaira dimension of a compact toric strict lcK manifold is −∞.
Proof. Let (M 2n , J, [g]) be a compact toric strict lcK manifold. An effective action of the torus T n has n-dimensional principal orbits, and their union is a dense open set M 0 in M by the principal orbit theorem (see e.g. [6, Theorem 2.8.5]). Consequently, there exist real holomorphic vector fields X 1 , . . . , X n which mutually commute and such that X 1 , . . . , X n are linearly independent on M 0 . Since X 1 , . . . , X n are twisted Hamiltonian, Lemma 3.6 and Proposition 3.9 show that Ω(X j , X k ) = 0 for every j, k ≤ n. Consequently X 1 , . . . , X n , JX 1 , . . . , JX n are linearly independent on M 0 . Moreover, these 2n vector fields mutually commute, since X 1 , . . . , X n are holomorphic and mutually commute. We thus obtain holomorphic sections
. . , n} and such that Z 1 , . . . , Z n are linearly independent on M 0 . The anti-canonical bundle (
Assume, for a contradiction, that some positive power (K M ) ⊗k of the canonical bundle has a non-trivial holomorphic section α. Then α(σ ⊗k ) is a non-trivial holomorphic function on M, thus it is a non-zero constant. Consequently, σ is nowhere vanishing, so {Z j } 1≤j≤n is a basis of T 1,0 M at each point of M. We denote by ω j ∈ Ω 1,0 M the dual basis and claim that ω j are closed holomorphic 1-forms. Indeed, since ω i (Z j ) = δ ij and ω i (Z j ) = 0, we obtain for all i, j, k: 
Toric lcK surfaces
Using the Kodaira classification of compact complex non-Kählerian surfaces and Theorem 6.1, we will now describe all compact complex surfaces carrying a toric strict lcK structure. Let us first recall the definition of Hopf surfaces. A secondary Hopf surface is a finite quotient of a non-diagonal primary Hopf surface.
We will need in the sequel the following standard result which relates holomorphic vector fields on a complex manifold and on its blow-up at some point (see for instance [4] ):
Lemma 7.2. Let M be a compact complex manifold. The holomorphic vector fields on the blow-up of M at a point p are exactly the lifts of holomorphic vector fields on M that vanish at p. We now consider the two types of Hopf surfaces.
1) Non-diagonal Hopf surfaces and blow-ups thereof. We claim that these surfaces do not admit a toric lcK structure.
Since the secondary Hopf surfaces are finite quotients of non-diagonal primary Hopf surfaces, it suffices to show that the latter ones do not admit such toric lcK structures. Let M := (C 2 \ {0})/Γ be a non-diagonal primary Hopf surface, where Γ is generated by γ(z 1 , z 2 ) := (βz 1 , β m z 2 + λz m 1 ), according to Definition 7.1. We first determine the space of holomorphic vector fields on M. These correspond to the holomorphic vector field on C 2 \ {0} invariant under the action of Γ.
Claim. The space of Γ-invariant holomorphic vector fields on C 2 \ {0} is generated by
Proof of the Claim. Let X = u
be a Γ-invariant holomorphic vector field on C 2 \{0}, where u and v are two holomorphic functions on C 2 \ {0}. Since the singularity is isolated, u and v extend holomorphically to the whole complex plane C 2 . The Γ-invariance of X reads u • γ(z) = βu(z), (17)
for all z ∈ C 2 . On the other hand, by induction on n ∈ N, we establish that (19) γ n (z) = (β n z 1 , β mn z 2 + nλβ m(n−1) z m 1 ).
In the sequel, we use the fact that for every β ∈ C with 0 < |β| < 1, k ∈ N and n ∈ N \ {0}, an entire function f , which satisfies f (β n z) = β k f (z) for any z ∈ C, is either a monomial of degree be a holomorphic vector field, where u and v are two holomorphic functions on C 2 . The vector field X is Γ-invariant if and only if u(αz 1 , βz 2 ) = αu(z 1 , z 2 ) and v(αz 1 , βz 2 ) = βv(z 1 , z 2 ). Equivalently, a jk (α − α j β k ) = 0 and b jk (β − α j β k ) = 0 for all j, k ∈ N, where a jk and b jk are the coefficients of the power series of u and v respectively. Since 0 < |α|, |β| < 1, it turns out that in each of the four possible cases, X is a linear combination of the vector fields as stated in the claim.
The next step is to show that there are no two linearly independent commuting holomorphic vector fields which vanish at the same point. Note that it suffices to prove this for the cases a) and b) in the above claim.
